We have performed a detailed systematic search for multiperiodicity in the Population I Cepheids of the Large Magellanic Cloud. In this process we have identified for the first time several new types of Cepheid pulsational behaviour. We have found two triple-mode Cepheids pulsating simultaneously in the first three radial overtones. In 9% of the first overtone Cepheids we have detected weak, but well resolved secondary periodicities. They appear either very close to the primary pulsation frequency or at a much higher frequency with a characteristic period ratio of 0.60 − 0.64 . In either case, the secondary periodicities must correspond to nonradial modes of oscillation. This result presents a major challenge to the theory of stellar pulsations, which predicts that such modes should not be exited in Cepheid variables. Nonradial modes have also been found in three of the fundamental/first overtone double-mode Cepheids, but no such oscillations have been detected in single mode Cepheids pulsating in the fundamental mode.
Introduction
Classical Cepheids and RR Lyrae stars are among the best studied pulsating variables. For decades they have been considered primary example of purely ra-dial pulsators, displaying large amplitude oscillations, with only one or two radial modes excited. This simple picture was challenged in the end of the last century when Olech et al. (1999) discovered low amplitude nonradial modes in three RR Lyr stars of globular cluster M55. In following years it was shown that presence of secondary periodicities identified with nonradial modes of oscillations is a very common property of RR Lyr variables. They were detected in a substantial fraction of stars in every studied RR Lyr population: in LMC (Alcock et al. , 2003 Soszyński et al. 2003; Nagy & Kovács 2006) , SMC (Soszyński et al. 2002) , Galactic Bulge (Moskalik & Poretti 2002 Mizerski 2003; Collinge et al. 2006) , Galactic field (Wils et al. 2006; Szczygieł & Fabrycky 2007 , see also Smith 1995) and most recently in ω Cen (Olech & Moskalik 2008) . Depending on the stellar system, nonradial modes are excited in between 5% and 30% of all RR Lyr stars.
Motivated by these findings we decided to search for nonradial modes in classical (Population I) Cepheids. As far as pulsation properties are concerned, Cepheids are very close siblings of RR Lyr stars. It is therefore very interesting to check if nonradial modes are excited in these pulsators as well. With this goal in mind, we conducted a systematic search for multiperiodicity among Pop. I Cepheids of the Large Magellanic Cloud (LMC). The primary source of data for this analysis was the OGLE-II photometry (Żebruń et al. 2001) . The data, collected during microlensing survey, covers the timebase of 1000-1200 days, with 250-500 I-band measurements per star. Such a long, uniform and high quality dataset is particularly well suited for our purpose. Partial results of this survey were published by Moskalik, Kołaczkowski & Mizerski (2004 and by Moskalik & Kołaczkowki (2008a,b) . In this paper we present a full discussion of our findings and provide a complete inventory of newly identified multiperiodic Cepheids in the LMC.
Time series analysis of Cepheid lightcurves
We analyzed all fundamental mode (FU), first overtone (FO) and double-mode (FU/FO and FO/SO) LMC Cepheids listed in the OGLE-II catalogs (Udalski et al. 1999b; Soszyński et al. 2000) , nearly 1300 stars in total. We omitted all variables marked by the authors as FA or BR. The former are most likely Pop. II Cepheids, while the status of the latter group is somewhat unclear. We used the I-band OGLE-II data obtained with the Difference Image Analysis (or DIA) method. The search for secondary periodicities was conducted with a standard consecutive prewhitening technique. First, we fitted the data with a Fourier sum describing pulsations with the dominant mode:
The frequency of the mode, f 1 , was also optimized. For double-mode Cepheids, we fitted the data with double-frequency Fourier sum, representing pulsations in two dominant (radial) modes:
The residuals of the fit were then searched for secondary frequencies. This was done with the Fourier transform, calculated over the range of 0 − 6 c/d. If any new periodicity was detected, a new Fourier sum, including all frequencies identified so far, was fitted to the data and the fit residuals were examined again. The process was stopped when no new significant frequencies appeared. At this stage we performed data clipping, rejecting all measurements deviating from the fitted function by more than 5σ, where σ is the standard deviation of the fit residuals. OGLE-II photometry is very clean and only for a small number of stars 1-3 datapoints were removed by this criterion. After data clipping, the frequency analysis was repeated.
As a final step of analysis we checked all Cepheids with detected secondary peaks for a possible lightcurve contamination. It is a well known shortcoming of the DIA reduction method, that the measured flux of a star can be contaminated by light coming from neighbouring stars (i.e. Mizerski & Bejger 2002; Hartman et al. 2004) . As a result, some of the discovered secondary frequencies might originate not in the Cepheid, but in another variable star in Cepheid's neighbourhood. In order to remove such spurious detections we proceeded in the following way. First, we identified all variable stars from OGLE-II catalog (Żebruń et al. 2001) , which are located within r = 1 arcmin of the studied Cepheid. For each of these stars we performed frequency analysis and then checked if detected frequencies or their aliases appear as secondary peaks in Cepheid's power spectrum. With this procedure we weeded out 14 contaminated Cepheids. In LMC fields SC1 to SC12 we extended the search radius to r = 1.5 arcmin, but no new cases of contamination were found. The OGLE-II catalog of variable stars is not complete, though. It misses most small amplitude variables, which can contaminate lightcurves of nearby stars as well. Therefore, we performed additional contamination check, calculating frequency spectra of all stars (not only known variables) within r = 20 arcsec of the Cepheid. No more contaminated Cepheids were rejected at this step.
New double-mode Cepheids
In the course of our analysis we identified five new "canonical" double-mode Cepheids, pulsating in two radial modes. In four of them the fundamental mode and the first overtone are excited (FU/FO type), while in the fifth Cepheid the first and second overtones are excited (FO/SO type). Basic properties of these variables are listed in Table 1 . Periods and amplitudes given in the table (as well as in all other tables in this paper) are determined through the least square fits of appropriate multifrequency solutions to the data.
A. A.
T a b l e 1 In Fig. 1 and Fig. 2 we present the period ratio vs. period diagrams (so called Petersen diagrams) for all double-mode Cepheids detected in the LMC (Alcock et al. 1995 (Alcock et al. , 1999 (Alcock et al. , 2003 Soszyński et al. 2000) . For comparison, we also display the FU/FO Cepheids observed in the Small Magellanic Cloud (Alcock et al. 1997; Udalski et al. 1999a) and in the Galaxy (Pardo & Poretti 1997; Antipin 1997a Antipin , 1998 Berdnikov & Turner 1998; Wils & Otero 2004) 1 . Because of different metallicities, the P 1 /P 0 period ratios in these three stellar systems are somewhat different. Four of the newly identified double-mode Cepheids fit to their respective Petersen diagrams very well. For the fifth object, SC20-100652, the period ratio P 1 /P 0 is rather high and is close to the value expected for an SMC star. This suggests that SC20-100652 has a lower metallicity than other LMC Cepheids. We also note that, the new FU/FO double-mode pulsator SC11-250925 has the longest periods among currently known variables of this class.
Triple-mode Cepheids
In two of the previously known FO/SO double-mode Cepheids a third strong periodicity was found. The period ratio of P 3 /P 2 = 0.840, the same in both Cepheids, identifies the new mode as a third radial overtone. In Fig. 3 we present the prewhitening sequence for one of these stars. The third overtone is detected very securely, in fact it is stronger than the second overtone.
Pulsation properties of the two triple-mode Cepheids are listed in Table 2 . In Fig. 4 we display both variables in the Cepheid P−L plot constructed for extinction insensitive Wessenheit index, W I = I − 1.55 × (V − I) (Madore & Freedman 1991 Table 2 was originally announced by Moskalik, Kołaczkowski & Mizerski (2004) . Three more triple-mode Cepheids have been identified very recently by Soszyński et al. (2008a) , bringing the number of objects in the class to five. This new type of multimode Cepheid pulsations, although extremely rare, is very important for testing stellar models. With three radial modes observed and their periods accurately measured, seismological analysis yields tight constraints on Cepheid parameters (mass, luminosity, metallicity). This imposes constraints on Cepheid evolutionary tracks, including interesting limits on convective overshooting from the core (Moskalik & Dziembowski 2005) .
Analysis of FO and FU Cepheids

Nonradial modes in first overtone Cepheids
The OGLE-II catalog of LMC Cepheids (Udalski et al. 1999b) lists 462 first overtone variables. We detected resolved secondary frequencies in 42 of them. This constitutes 9% of the sample. We consider two frequencies to be resolved, if they differ by more than ∆ f = 2/T , where T is the length of the data. In case of OGLE-II photometry, this means ∆ f > 0.0017 − 0.0020 c/d, depending on the star. Our criterion is more conservative than usually adopted in other studies (i.e. Alcock et al. 2003; Nagy & Kovács 2006) .
The complete inventory of resolved FO Cepheids is presented in Table 3 . Following notation originally introduced for the RR Lyr variables , we call these stars FO-ν Cepheids. Consecutive columns of Table 3 give OGLE number of the star, primary and secondary periods P 1 and P ν , frequency difference ∆ f = f ν − f 1 , period ratio P ν /P 1 and amplitude ratio A ν /A 1 .
In most of the FO-ν Cepheids only one secondary frequency was detected, but in several variables two frequencies were found. In all cases they have extremely low amplitudes. With the exception of a singe star (SC18-208875), the amplitude ratio A ν /A 1 is always below 0.1, with the average value of 0.048. We note, that secondary peaks detected in LMC first overtone RR Lyr stars are several times
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T a b l e 3 FO-ν Cepheids in OGLE-II LMC sample In 84% of cases, secondary frequencies are lower than the primary one. When two secondary peaks are detected, they always appear on the same side of the primary peak. The observed frequency pattern cannot be explained by amplitude or phase modulation of the radial mode. A periodic modulation always produces an equally spaced frequency multiplet (triplet, quintuplet, etc.), centered on the primary peak. It is also easy to check, that measured period ratios are incompatible with those of the radial modes. This implies, that secondary frequencies detected close to the radial mode of the FO Cepheids must correspond to nonradial modes of oscillations. This is the first detection of nonradial modes in this type of stars.
In seven FO-ν Cepheids secondary periodicities of a different type are found: we see a high frequency mode, with characteristic period ratio of P ν /P 1 = 0.60 − 0.64. Examples of this behaviour are displayed in Fig. 6 . The two types of secondary modes are not mutually exclusive. In two objects (SC13-165223 and SC17-39517) both a high frequency secondary peak and a secondary peak close to the primary frequency are present.
The mysterious period ratio of 0.60 − 0.64 cannot be explained in terms of radial modes, neither. Observationally determined period ratio of the third and first radial overtones is P 3 /P 1 = 0.6766 − 0.6773 (see Table 2 ; Soszyński et al. 2008a ). The value of P 4 /P 1 can be estimated theoretically. Assuming validity of p-mode asymptotic relation f 4 − f 3 = f 3 − f 2 , we get P 4 /P 3 = (2−P 3 /P 2 ) −1 . With P 3 /P 2 = 0.840 (see Table 2 ) we find P 4 /P 3 = 0.862, thus P 4 /P 1 = 0.5835. This estimate agrees nicely with P 4 /P 1 = 0.5898 derived from tentative detection of the fourth overtone in one of the LMC Cepheids (Soszyński et al. 2008a) . With P ν /P 1 = 0.60 − 0.64, the high frequency secondary peaks in FO-ν Cepheids cannot correspond to neither the third nor the fourth radial overtone. They have to be attributed to nonradial modes. These modes appear at frequencies 0.02 − 0.06 c/d below frequency of the (unobserved) fourth radial overtone. Interestingly, this frequency difference is comparable to ∆ f for the nonradial modes detected in the vicinity of the first overtone.
In Fig. 7 we show the distribution of frequency differences, ∆ f , for the LMC FO-ν Cepheids and, for comparison, for the LMC first overtone Blazhko RR Lyr stars (RRc-BL stars). The two distributions are very similar. FO-ν Cepheids show stronger preference for negative ∆ f , but otherwise, in both types of overtone pulsators nonradial modes are found in similar distances from the radial mode. The only difference between the two histograms is presence of high frequency secondary modes (P ν /P 1 = 0.60 − 0.64), which were detected in FO Cepheids, but not in RRc stars.
First overtone Cepheids with unresolved residual power
In 23 first overtone Cepheids we found after prewhitening a significant residual power unresolved from primary pulsation frequency. This is a signature of a slow amplitude and/or phase variability, occuring on a timescale comparable or longer than the ∼ 1100 days length of OGLE-II data. We reanalyzed all these stars with the MACHO b photometry (Allsman & Axelrod 2001), which offered a much longer timebase of 2700-2800 days. MACHO data was cleaned before analysis. We removed all datapoints with formal errors more than 5 times larger than the average formal error in the dataset. We also rejected all measurements differing from the mean brightness by more than 5 standard deviations (of the unphased data). After cleaning, the data was analyzed in a standard way. Remnant power was resolved with MACHO photometry only in one additional Cepheid, SC13-165223. This object is included in Table 3 . Remaining 22 Cepheids with unresolved residual power are listed in Table 4 . Following notation introduced by Alcock et al. (2000) , we call these variables FO-PC Cepheids.
For closer examination of slow amplitude/phase variability in FO-PC Cepheids we divided the data into 10 subsets, each spanning 10% of the total timebase, and then fitted Eq.(1) to each subset separately. This way we were able to follow the time evolution of amplitude and phase of the radial mode. In 8 stars only parabolic trends in pulsation phases were found. These Cepheids most likely undergo a secular period change. In remaining 14 FO-PC Cepheids variability of amplitudes is clearly seen, in most cases associated with variability of phases. In Fig. 8 make any firm statement about the cause of the observed long term trends. We only note, that in all FO-PC Cepheids the observed changes of phases and amplitudes are orders of magnitude too fast to be explained by stellar evolution. We recall, that fast phase variations of nonevolutionary origin are not unique to Cepheids of the LMC, they are also observed in many FO Cepheids in the Galaxy (Berdnikov et al. 1997, their Fig. 3 ). On the other hand, secular amplitude variations are rare in Galactic FO Cepheids, with Polaris being the only well documented case (e.g. Lee et al. 2008; Bruntt et al. 2008) .
Fundamental mode Cepheids
The OGLE-II catalog of LMC Cepheids (Udalski et al. 1999b ) list 718 fundamental mode pulsators. We searched all of them for secondary periodicities. We found no nonradial modes in the FU Cepheids of the LMC. This result is highly significant, considering that the FU Cepheid sample is much larger than the FO Cepheid sample. Long-term amplitude or phase variability is also extremely rare in the FU Cepheids. We found this behaviour only in one star (SC17-94969).
Incidence rate of nonradial modes
In Table 5 we present the inventory of different types of pulsators identified in our survey of FO and FU Cepheids in the LMC. For each type of variability we give the number of stars found, N i , and the estimated incidence rate in the population with its statistical error. The errors are calculated from the assumption of Poisson distribution (cf. Alcock et al. 2003) :
where N is the total number of FO or FU Cepheids.
T a b l e 5 The most significant result of our survey is the detection of nonradial modes in LMC Cepheids, but only in those which pulsate in the first overtone. In Fig. 9 we display all Cepheids with nonradial modes on the Wessenheit index P − L diagram. All variables classified as FO-ν Cepheids are indeed firmly located on the first overtone sequence. Their distribution with the pulsation period is not uniform, though. FO-ν pulsators are not found for P 1 < 1.2 day. This suggests that the incidence rate of nonradial modes might depend on the period. To test this hypothesis we divided the FO Cepheid population into several period bins and estimated the incidence rates in each bin separately. Results are displayed in Fig. 10 . The incidence rate of FO-ν pulsators systematically increases with period, reaching 19 ± 5% for log P 1 > 0.5. We think, that this is most likely a selection effect. The nonradial modes, which have very small amplitudes, are progressively more difficult to detect in Cepheids with shorter periods i.e. with lower luminosities. This interpretation implies, that the true incidence rate of FO-ν Cepheids might be significantly higher than 9% given in Table 5 .
Comparison with RR Lyrae stars
In the last decade nonradial modes were detected in many RR Lyr stars belonging to various stellar systems. Since pulsations of Cepheids and of RR Lyr stars are in many ways similar, it is interesting to compare the properties of nonradial modes in these two types of variables. One similarity has already been discussed in Section 5.1: in both types of pulsators, nonradial modes appear in essentially the same frequency distances from the radial mode (Fig. 7) . However, there are also striking differences between the two groups of stars:
• Amplitudes of nonradial modes in classical Cepheids are very low, on average almost an order of magnitude lower than in RR Lyr stars.
• In RR Lyr variables nonradial modes are detected both in fundamental (RRab) and in first overtone pulsators (RRc). In fact, in all studied stellar systems they are found in the RRab stars either equally frequently (Soszyński et al. 2002) or much more frequently (Soszyński et al. 2003; Mizerski 2003) .
In sharp contrast, in classical Cepheids nonradial modes are detected only in the first overtone pulsators. The difference between fundamental mode Cepheids and RR Lyr stars is even more striking, considering that for overtone pulsators incidence rates of nonradial modes are roughly the same: 9.1% in FO Cepheids and 9.6 − 12.1% in RRc stars (Nagy & Kovács 2006 , Mizerski 2003 .
• When two secondary frequencies are found in an RR Lyr star, they usually form together with the primary frequency an equally spaced triplet, centered on the primary (radial) peak. Such equidistant triplets are never observed in Cepheids.
• In RR Lyr stars nonradial modes are detected only in close vicinity of the primary pulsation mode. This is also the case for most of the FO-ν Cepheids, but in several variables a high frequency mode with P ν /P 1 = 0.60 − 0.64 is found. Such high frequency modes were not detected in RR Lyr pulsators.
Can secondary frequencies result from blending ?
In Section 2 we describe how to identify spurious secondary frequencies, which have appeared through a contamination of DIA photometry with light of neighbouring variables. This procedure cannot identify cases of real blending, resulting from the angular resolution limit of the observations. This raises a legitimite question, whether secondary periodicities discussed in this paper originate in Cepheids or whether they are introduced by blending of Cepheids with other variable stars. Although the latter possibility cannot be ruled out in any individual case, we are convinced that majority of nonradial modes detected in FO-ν Cepheids cannot be explained by blending. Our arguments are statistical. First, observed distribution of frequency differences, ∆ f = f ν − f 1 , is not random (Fig. 7) . There is no reason why blending should introduce frequencies only in the vicinity of a radial mode or at any particular narrow range of period ratios. Second, we do not find nonradial modes in Cepheids, which pulsate in the fundamental mode. There is no reason why blending should affect stars pulsating in one mode, but not in the other mode. Third, blending should be more substantial (i.e. relative flux contribution should be larger) in case of fainter Cepheids (Mochejska 2002). Therefore, secondary periodicities introduced by blending should be found preferentially in short period pulsators (where their amplitudes should be higher). The statistics of FO-ν Cepheids shows just the opposite trend (Fig. 10) . Finally, probability of blending should increase proportionally to the density of stars in the field (Kiss & Bedding 2005) . This is not the case for the FO-ν Cepheids. In 8 densest LMC fields (SC2-SC9; 189 FO Cepheids in total) and in 8 least dense LMC fields (SC12, SC14, SC15, SC17-SC21; 157 FO Cepheids in total) the incidence rates of FO-ν pulsations are 10.6 ± 2.2% and 8.9 ± 2.3%, respectively. The two values are statistically the same within 0.6σ, despite two-fold difference in average number of stars per field. From all these evidences we conclude that nonradial modes detected in the FO-ν Cepheids do not result from blending, but are intrinsic to Cepheids themselves.
Nonradial modes in FU/FO double-mode Cepheids
OGLE-II catalog of double-mode LMC Cepheids (Soszyński et al. 2000) lists 19 FU/FO pulsators. Discovery of four new members (Section 3) brings the total number of Cepheids in this class to 23. We found nonradial modes in three of them. These are the first detections of nonradial modes in the FU/FO double-mode Cepheids. In the following, we will call these variables FU/FO-ν Cepheids. The stars are listed in Table 6 . In the fifth column of the Table we give the frequency difference between the nonradial mode and the first radial overtone, ∆ f = f ν − f 1 . The prewhitened power spectra of the FU/FO-ν variables are displayed in Fig. 11 . In the first two Cepheids, the secondary mode appears very close to the first overtone radial mode. The values of ∆ f are very similar to those observed in the FO-ν Cepheids. In the third star, the secondary mode is found at high frequency, with P ν /P 1 = 0.6229. This is the same puzzling period ratio, which has been found in several FO-ν pulsators. Clearly, nonradial modes excited in the FU/FO-ν Cepheids are somehow related to the first radial overtone and their frequencies seem to be drawn from the same distribution as in the case of the FO-ν Cepheids. 
Blazhko effect in FO/SO double-mode Cepheids
Including one new variable discovered in the current paper (Section 3), there are 56 FO/SO double-mode Cepheids in the OGLE-II catalog (Soszyński et al. 2000) . In one-third of these stars we detected residual signal close to one or both primary (radial) pulsation frequencies. In all cases, however, the secondary frequencies were not resolved from the primary ones. Therefore, the frequency analysis of all FO/SO pulsators was repeated with MACHO b photometry (Allsman & Axelrod 2001), which provided ∼2.5 times better frequency resolution than OGLE-II. The MACHO data was cleaned in a manner described in Section 5.2 and then analyzed in a standard way. At this stage the OGLE-II sample was supplemented by 51 additional LMC FO/SO double-mode Cepheids discovered by MACHO outside the area covered by the OGLE-II survey (Alcock et al. 1999 (Alcock et al. , 2003 . Our final FO/SO Cepheid sample consisted of 107 objects.
With the MACHO data, residual power close to the primary pulsation frequencies was detected in 37 FO/SO double-mode Cepheids (35% of the sample). In 20 of these stars, which constitute 19% of the sample, we were able to resolve this power into individual frequencies. Two frequencies are considered resolved if they differ by ∆ f > 0.000715 c/d (i.e. 1/∆ f < 1400 days). All resolved FO/SO Cepheids are listed in Table 7 .
Frequency domain
Resolved FO/SO double-mode Cepheids display a very characteristic frequency pattern. In most cases, in the vicinity of a radial frequency we detect two secondary peaks. They are located on the opposite sides of the primary (radial) peak and together with the primary peak they form an equally spaced frequency triplet. Such a structure is usually found around both radial modes. An example of this pattern is shown in Fig. 12 . In several cases instead of triplets we find only doublets. This happens in objects, in which secondary frequencies are detected with the lowest signal-to-noise ratio. Therefore, it is most likely that these doublets are in fact parts of triplets, with the missing third component hidden in the noise. When signal-to-noise ratio is high we encounter an opposite situation. In two FO/SO Cepheids we find equally spaced frequency quintuplets centered on the second overtone. Consecutive prewhitening reveals incomplete quintuplets in six other stars, including three variables where they apper around the first overtone. In Fig. 13 we display representative examples of triplets and quintuplets observed in the FO/SO pulsators.
The secondary peaks are always very small, with amplitudes of 15 mmag on average and exceeding 40 mmag only in one star. The side peaks of the multiplets are usually not equal. For the first overtone, the low frequency components of triplets/quintuplets are always higher than the high frequency ones. This is also true for 74% of multiplets centered on the second overtone.
The separations of components in the two triplets/quintuplets, ∆ f 1 and ∆ f 2 , are also very small and never exceed 0.00143 c/d. This corresponds to the beat (or modulation) period of P B = 1/∆ f > 700 day. The lower limit for ∆ f (upper limit for P B ) is currently given by resolution of the data. The physical upper limit for the beat (modulation) period P B is unknown.
When present around both radial modes, the two multiplets have nearly the same frequency spacings. Specifically, the difference between the two spacings, |∆ f 2 −∆ f 1 | is always below 8 × 10 −5 c/d. According to Monte Carlo simulations of Alcock et al. (2000 Alcock et al. ( , 2003 , for MACHO data such a difference is well within deviations expected from observational noise. In other words, triplets/quintuplets around both radial modes of a FO/SO Cepheid have the same frequency separation within accuracy of the data.
Frequency separation ∆ f can take any value below 0.00143 c/d, but some values are more likely than others. This is clearly visible in Fig. 14 . Although statistics is rather small, the distribution of ∆ f shows a bimodal shape with pronounced maxima at ∼ 0.00095 c/d and ∼ 0.00125 c/d. These correspond to preferred beat (modulation) periods of P B ∼ 1050 days and P B ∼ 800 days.
T a b l e 7
Blazhko FO/SO double-mode Cepheids in combined OGLE-II + MACHO LMC sample 
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T a b l e 7 
Time domain
The observed triplet/quintuplet frequency pattern is a Fourier representation of a periodic modulation of both radial modes, with the common period P B = 1/∆ f . In Fig. 15 we display this modulation for one of the FO/SO Cepheids. The plot has been constructed by dividing the data into 10 subsets, each covering 10% of the modulation phases, and then fitting radial frequencies and their linear combinations (Eq. (2)) to each subset separately. Fig. 15 shows that both amplitudes and phases of the radial modes undergo modulation. The amplitude variability is much stronger for the second than for the first overtone (±66% vs. ±17% change). Minimum amplitude of one mode coincides with maximum amplitude of the other mode. Maximum phase of the first overtone occurs just before maximum of its amplitude. For the second overtone, maximum phase coincides with minimum amplitude. We note, that the amplitude of the second overtone is modulated in a distinctively nonsinusoidal way. This explains presence of quintuplets in the frequency spectrum of this mode.
Characteristic pattern of periodic modulation displayed in Fig. 15 is common to all FO/SO Cepheids of Table 7 . The phenomenon is strikingly similar to the Blazhko modulation observed in the RR Lyrae stars (see e.g. Kurtz et al. 2000) . Therefore, variables of Table 7 will be called Blazhko double-mode Cepheids, or FO/SO-BL Cepheids.
FO/SO Cepheids with unresolved residual power
In 17 FO/SO double-mode Cepheids (16% of the sample) we find after prewhitening a significant remnant power unresolved from the primary pulsation frequencies. This is a signature of slow changes of amplitudes and/or phase of the modes, not resolved within the length of the data. We call these stars FO/SO-PC Cepheids. Their list is given in Table 8 .
The amplitude and phase variability of each FO/SO-PC Cepheid was examined with method described in Section 5.2: we divided the data into 10 subsets, each spanning 10% of the total timebase, and then fitted Eq.(2) separately to each subset. In some stars we found only changes of pulsation phases, but in 10 variables we also detected clear changes of both amplitudes. In Fig. 16 we show typical example of such behaviour. The pattern of amplitude and phase variability is very much the same as that displayed in Fig. 15 . In particular, the amplitudes of the two radial modes vary in opposite directions. This similarity suggests, that most of the FO/SO-PC Cepheids experience the same type of periodic modulation as Blazhko FO/SO Cepheids listed in Table 7 , but on timescales longer than the current data.
Incidence rate of Blazhko effect in FO/SO double-mode Cepheids
Periodic amplitude and phase modulation in FO/SO double-mode Cepheids is by no mean a rare phenomenon. According to our analysis, its incidence rate is at least 18.7 ± 3.8%. The true rate can be perhaps even as high as 35%, if FO/SO-PC variables are confirmed to undergo Blazhko modulation with very long periods, as we suspect.
In Fig. 17 we present the Petersen diagram for our sample of FO/SO doublemode Cepheids of the LMC. Blazhko FO/SO pulsators and FO/SO-PC pulsators are marked with filled and open circles, respectively. Blazhko FO/SO variables are not detected at all for P 1 < 0.6 day, but for longer periods they intermingle with "normal" double-mode Cepheids. The same can be said about FO/SO-PC variables, except that the short period cutoff is at P 1 = 0.5 day. Apart from amplitude and phase variability, Blazhko pulsators and PC pulsators do not differ from the rest of FO/SO double-mode Cepheids. Fig. 17 shows, however, that the incidence rate of Blazhko effect might depend on pulsation period. To address this point we display in Fig. 18 the histogram of first overtone periods for our sample of FO/SO Cepheids. The incidence rate of Blazhko effect peaks at 0.8 day < P 1 < 1.0 day, where it reaches 48%. It sharply declines below 15% for both longer and shorted periods. While the decline of the incidence rate towards shorted periods (i.e. lower luminosities) can be attributed to the selection effects, the decline towards longer periods must be real.
What Causes the Modulation ?
Any model of Blazhko FO/SO double-mode Cepheids has to explain two most basic properties of these stars:
• both radial modes are modulated with the same period.
• the amplitude variations of the two modes are anticorrelated: maximum of one amplitude coincides with minimum of the other.
Many different ideas have been put forward to explain Blazhko modulation in monoperiodic RR Lyrae stars (see Stothers 2006 for most recent summary). Two primary contenders, which are most popular nowadays, are the oblique magnetic pulsator model (Shibahashi , 2000 and the 1:1 resonance model (Nowakowski & Dziembowski 2001) . Another, very different scenario has been proposed recently by Stothers (2006) . We will argue, that all these models fail to account for modulation observed in the FO/SO double-mode Cepheids. Shibahashi's oblique magnetic pulsator model assumes presence of a dipole magnetic field inclined to the rotation axis of the star. The field introduces quadrupole distortion to the radial mode. As the star rotates, the distortion is viewed from different aspect angles, which leads to variation of an apparent pulsation amplitude. Somewhat similar idea has been considered by Kovács (1995; see also Balázs 1959) . In his scenario the distortion is caused by an ℓ = 1 nonradial mode, which is aligned with a magnetic axis of the star. The nonradial mode is excited through a 1:1 resonance with the radial pulsation. Consequently, frequencies of both modes are exactly synchronized. Both in Shibahashi's and in Kovács's models physical amplitudes of pulsation are constant. Modulation of the observed amplitudes is caused by geometrical effect of rotation. The models naturally explain why both radial modes in FO/SO Cepheid are modulated with the same period. However, in the above scenario both modes should reach maximum amplitudes simultaneously, because they are both distorted in the same way. This is not what we observe. Thus, the Blazhko effect in FO/SO double-mode Cepheids cannot be reproduced by the oblique magnetic pulsator.
The model proposed by Nowakowski & Dziembowski (2001, see also Kovács 1995) assumes a 1:1 resonant coupling of the radial mode to a pair of nonradial modes of ℓ = 1, m = ±1. Such a mechanism generates a triplet of equally spaced frequencies. The physical amplitudes of the modes are constant, but beating of their equidistant frequencies leads to a slow periodic modulation of apparent amplitude and phase of pulsation. The 1:1 resonance model naturally explains triplets observed in frequency spectra of Blazhko FO/SO Cepheids. Quintuplets can also be easily understood, by generalizing the model to coupling with modes of ℓ = 2. However, in the scenario of Nowakowski & Dziembowski (2001) modulation of each radial mode is an independent process. Therefore, there is no reason why both radial modes should be modulated with exactly the same period (although modulation periods shouldn't be very different). There is also no reason why amplitude variations of the two modes should be in any particular phase relation to each other, as is observed. Finally, the 1:1 resonance model does not explain why in vast majority of cases modulation is observed either for both radial modes or for none of them.
The new model (or rather an idea) of Stothers (2006) fails to explain the observations of Blazhko FO/SO Cepheids, as well. In his scenario it is assumed that turbulent convection in the stellar envelope is cyclically weakened and strengthened by a transient magnetic field generated by dynamo mechanism. As convection has a strong effect on the amplitudes of pulsation (e.g. Feuchtinger 1999), the latter become modulated, too. In this picture we would expect both modes in a FO/SO Cepheid to reach maximum amplitudes at the same time, because both amplitudes vary in response to a common factor -a changing strength of convection. This prediction is in obvious conflict with observations. At this stage, the mechanism causing amplitude and phase modulation of FO/SO double-mode Cepheids remains unknown. Nevertheless, the available observations already provide some important clues. The fact that the two modes are always modulated with the same period proves that their behaviour is not independent. Both modes must be part of the same dynamical system. The fact that high amplitude of one mode always coincides with low amplitude of the other mode strongly suggests that energy transfer between the two modes is involved. Thus, available evidences point towards some form of mode interaction, which causes a periodic amplitude and phase modulation of the modes. Such a modulation (limit cycle) can be induced by a resonant coupling of a radial mode with another radial or nonradial mode (Moskalik 1986; Van Hoolst 1995) . Because of the nonlinear frequency synchronization, the resonant mode will not appear as an independent peak in the power spectrum. It is enough that only one of the observed radial modes is modulated by the resonant coupling. This modulation will be carried over to the other radial mode through the so-called cross-saturation effect. Speaking in physical term, the two radial modes compete for the same driving (κ mechanism in the He + ionization zone). When the amplitude of one mode is suppressed by whatever mechanism (e.g by a resonance), it allows the other mode to grow. This explains in a very simple and natural way why the two radial modes are modulated with the common period and why their amplitudes are always anticorrelated.
Conclusions
Taking advantage of a large and homogenous photometric dataset collected during OGLE-II project, we have performed a systematic frequency analysis of classical Cepheids identified in the Large Magellanic Cloud (Udalski et al. 1999b; Soszyński et al. 2000) . This study has been aimed at finding multiperiodic and nonstationary variables among Pop. I Cepheids and at establishing reliable statistics of different forms of their pulsational behaviour. The main body of our survey has been conducted with OGLE-II photometry, but in cases when frequency resolution turned out to be insufficient, we have resorted to photometry collected by the MACHO experiment.
We have discovered two triple-mode Cepheids, which pulsate with three lowest radial overtones simultaneously excited. Triple-mode radial pulsators have been known before, but only among High Amplitude δ Scuti stars (Kovács & Buchler 1994; Antipin 1997b; Handler, Pikall & Diethelm 1998; Wils et al. 2008) . This is the first detection of such pulsators among Cepheids. Three additional triple-mode Cepheids have been identified in the LMC by Soszyński et al. (2008a) . These rare variables are a very valuable trophy, since their seismological analysis can strongly constrain the stellar evolution theory (Moskalik & Dziembowski 2005) .
In 19% of FO/SO double-mode Cepheids we have detected periodic variability of amplitudes and phases of the two radial modes. Another 16% of FO/SO pulsators is suspected of undergoing the same type of modulation, but on timescales longer than our data. This phenomenon is analogous to the Blazhko modulation in the RR Lyr stars, which was first discovered a century ago (Blazhko 1907) . In Blazhko FO/SO Cepheids both modes are modulated with a common period, always in excess of 700 days. The amplitudes of the modes vary in opposite phases, that is a maximum amplitude of one mode coincides with minimum amplitude of the other. In frequency domain, the modulation manifests itself as splitting of each radial mode into a triplet or sometimes a quintuplet of equidistant peaks, spaced by frequency of the modulation.
The discovery of modulated FO/SO Cepheids shows that Blazhko effect and double-mode pulsations are not mutually exclusive. These stars will play a very important role in selecting a proper model to explain the Blazhko phenomenon. Observations of two modulated modes in one star will put any proposed scenario to a very stringent test. Two most popular models, the oblique magnetic pulsator model (Shibahashi 2000) and the 1:1 resonance model (Nowakowski & Dziembowski 2001) have already failed this test and should be ruled out, at least in the case of FO/SO Cepheids.
Perhaps the most exciting result of our survey is detection of nonradial modes in classical Cepheids. Such modes have been found in 42 overtone pulsators (which constitutes 9% of the sample) and in three FU/FO double-mode pulsators. They have not been found in Cepheids pulsating in the fundamental mode.
We find two different types of nonradial modes in Cepheids. In most cases these modes are detected very close to the first radial overtone, but in several stars they appear at considerably higher frequencies. In the later case, the measured period ratio falls in a narrow range of 0.60 − 0.64, which places the nonradial mode in the close vicinity of the (unobserved) fourth radial overtone. The observed frequency pattern cannot be explained by any form of amplitude or phase modulation, it is
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also incompatible with excitation of radial modes. This makes interpretation in terms of nonradial modes the only possibility.
Detection of nonradial modes in classical Cepheids has been claimed before by Kovtyukh et al. (2003) , based on observations of bumps in spectral line profiles of four galactic Cepheids. Such structures can be indicative of nonradial oscillations (e.g. Telting 2003). However, the authors have not shown that the observed line profiles vary in a periodic way, or that they vary with their own period different from that of the radial mode. This is an important test, because bumps in the spectral lines can be caused by mechanisms other than nonradial pulsations (e.g. by shocks). Therefore, observations presented by Kovtyukh et al. (2003) are in our opinion inconclusive. The results of frequency analysis discussed in the current paper provide the first solid evidence of nonradial modes excitation in classical Cepheids.
Discovery of nonradial modes in Cepheids poses a major challenge to the stellar pulsation theory. In order to be photometrically detectable, nonradial modes have to be of low spherical degree, ℓ (Dziembowski 1977). However, linear pulsation calculations predict, that in classical Cepheids all modes of ℓ < 4 should be heavily damped (Osaki 1977 ). This conclusion has recently been confirmed by new calculations of Mulet-Marquis et al. (2007) , who have found that all nonradial modes of ℓ < 5 should be damped. We note, that this is a very different situation from that encountered in the RR Lyr models, where many modes of ℓ = 1, 2 are linearly excited (Dziembowski & Cassisi 1999) .
When writing of this manuscript was almost completed, we learnt about a new preprint on LMC Cepheids by Soszyński et al. (2008b) . The authors have analyzed data collected during the third phase of the OGLE project (OGLE-III). Among many interesting results, they have also detected secondary periodicities in all subclasses of Pop. I Cepheids. This provides an important confirmation of our results with independent data. The incidence rates given by Soszyński et al. are very similar to ours in case of the double-mode pulsators, but significantly higher than ours in case of the FO Cepheids. This is most likely due to much longer time span of their photometry and higher number of measurements. Interestingly, Soszyński et al. has detected secondary periodicities also in the FU Cepheids, which we have not. A detailed comparison of incidence rates derived by us and by Soszyński et al. is beyond the scope of the present paper. We only note, that such comparison requires some caution, because the latter authors do not discriminate between secondary periodicities resolved from the primary frequency and those, which are not resolved. 
